A non-Hermitian generalized oscillator model, generally known as the Swanson model, has been studied in the framework of R-deformed Heisenberg algebra. The non-Hermitian Hamiltonian is diagonalized by generalized Bogoliubov transformation. A set of deformed creation annihilation operators is introduced whose algebra shows that the transformed Hamiltonian has conformal symmetry. The spectrum is obtained using algebraic technique. The superconformal structure of the system is also worked out in detail.
Introduction
Recently there has been a surge of interest in deformed Heisenberg algebra containing the reflection operator R (R-deformed Heisenberg algebra (RDHA) [1] . It appears in the context of Wigner quantization 1 e-mail : raj@isical.ac.in 2 e-mail : barnana@isical.ac.in 3 e-mail: ppdube1@gmail.com schemes [2] , initiated in 1950 by Wigner [3] generalizing the bosonic commutation relations. The single mode algebra that appeared in the work of Wigner implicitly, was further generalized for the field systems, and led to the concept of parabosons and parafermions [4] . In this sense it has some properties of universality [5] . Hamiltonians with reflection operators have most notably arisen in the context of quantum many-body integrable systems of Calogero-Sutherland type [6] and their generalizations with internal degrees of freedom [7] . In ref [8] , a hidden nonlinear supersymmetry was revealed in purely parabosonic harmonic oscillator systems (and in related Calogero models with exchange interaction) with the help of RDHA, and a problem of the quantum anomaly related to nonlinear supersymmetry was identified.
This was actually studied later and resulted in the discovery of the hidden supersymmetry in quantum mechanical systems with a local Hamiltonian [9] . The RDHA was applied for the universal description of bosons, fermions, anyons and supersymmetry in (2+1) dimensions. In particular, the non unitary finite and infinite dimensional representation of the RDHA algebra have been used to obtain extended supermultiplets of anyons, or of bosons and fermions [10] . Deformed Heisenberg algebra has also been used to construct N = 2 supersymmetric quantum mechanics [11] and the associated exactly solvable models [12] . Symmetry algebras containing reflection operator in the representations of the generators of the algebra have been examined in the context of quantum oscillators [13] . Also, mirror symmetry plays an important role in the design of spin chains for quantum information transport [14] . Recently RDHA algebra has been employed for bosonization of supersymmetric quantum mechanics [15] and for describing anyons in (2+1) [16] and (1+1) dimensions [17] . The findings of many interesting physical and mathematical properties associated with these studies has prompted us to consider a non-Hermitian generalized oscillator model, widely known as the Swanson model [18] within the framework of RDHA algebra. Though many features of this particular Hamiltonian have been studied [19] , to the best of our knowledge, this has not been reported so far in the literature.
The non-Hermitian generalized oscillator Hamiltonian is given bŷ
whereâ,â † are bosonic harmonic oscillator annihilation and creation operators satisfying usual commutation relation [â,â † ] = 1. If α = β, H S is non-Hermitian PT -symmetric (or equivalently P-pseudoHermitian, P being the parity operator) [20] , possesses real spectrum given by E n = (n + 1 2 )Ω, n = 0, 1, 2, · · · where Ω 2 = ω 2 − 4αβ so long as ω > α + β and the eigenfunctions can be derived from those of the harmonic oscillator [18] .
In the present work we shall study the Hamiltonian (1) with a, a † satisfying the (anti)commutation relations of the RDHA algebra given by
where ν ∈ R is a deformation parameter and R is the reflection operator, R = (−1)
defines the Fock space
where
For ν > −1, the RDHA algebra has infinite dimensional, parabosonic type unitary irreducible representations; for ν = −(2r + 1), r = 1, 2, · · · it has (2r + 1)-dimensional, non unitary parafermionic-type representations; for ν < −1, ν = −(2r + 1), it has infinite dimensional non-unitary representations.
In what follows we have not considered any particular representation for the R deformed Heisenberg algebra. But it is important to mention that if one takes especially the non-unitary finite and infinite dimensional representations as was done in [10] then this will have an effect on the generalized Bogoliubov transformation (6) as well as on the spectrum ofĤ ′ S discussed in section 4. The objective of the present work is two-fold: i) First, to analyse the conformal and superconformal structure associated with the diagonalized version of the non-Hermitian Hamiltonian (1) ii) Second, to obtain the equivalent Hermitian counterparth [21] of (1) (with generalized ladder operators) by a similarity transformation [22] and show how the generalized quantum rule (2) in this case gives rise to an anomaly related to the spectrum ofh. The reason for this apparent anomaly is attributed to the fact that the domain of x and the domain of the variable used in the coordinate transformation to obtain the conformal Hamiltonian are not necessarily the same. Our findings will be illustrated in the framework of coordinate dependent mass models.
2 Non-Hermitian Oscillator Hamiltonian and Generalized Bo-
goliubov Transformation
In this section we shall just outline the essential results as the derivation is practically the same as has been done by Swanson [18] . The two new operatorsĉ,d are introduced by means of a generalized Bogoliubov transformationĉ
where the coefficients l j = 1, 2, 3, 4 are taken to be complex numbers. It reduces to the standard Bogoliubov transformation when l 4 = l * 1 and l 3 = l * 2 . Equation (6) ) is written in matrix form as
Then the commutation relation (2) gives
Inversion of the matrix in (7) givesâ
Substituting (9) into (1) yieldsĤ
The coefficients l j s are so chosen thatα =β = 0 (12) are satisfied. If α = β = 0 in (1), then (9) can be chosen to reduce toĉ = l1 l1l4−l2l3â † andd = l4 l1l4−l2l3â . This yields the boundary conditions lim α,β→0
and lim α,β→0
Now the task is to find the solutions to (11) and (8) consistent with the limits (13) and (14) . In the subsequent calculations, the value of (l 1 l 4 − l 2 l 3 ) has been set to unity. Writing the constraints of (12) as two quadratic equations under the assumptions l 1 = 0 and l 4 = 0 and choosing appropriate signs consistent with the limits (13) and (14) while taking the square roots, gives [18] 
Therefore Λ and ǫ in (11) are
It is worth noting that in (16) ǫ is a reflection dependent operator. The transformed Hamiltonian (10) then readsĤ
In the coordinate representation [23] , R is realized by the parity operator P:
whereas the deformed ladder operators can be realized in the form [1, 16] 
Substitution of (19) into (17) givesĤ
Let us recall that the conformal group O(2, 1) is spanned by three generators H, the Hamiltonian, D, the dilatation generator, and K, the conformal generator. These generators form together the algebra [24] [
If we define
then R, D and H satisfy the O(2, 1) algebra
Evidently, (23) corresponds to just a change of basis of the Lie algebra O(2, 1). The subgroup generated by R is compact (rotation group in a plane) while those generated by S and D are not, being of the boost type [24] . Let us take the following representations for H, K, D
where p = −i d dx and p x is given by (20) . Then it is easy to verify that 2R =Ĥ 
These play the role of ladder operators, since these, together with R, satisfy the commutation relations of SL(2, R) algebra [24] [R,
At this point it is worth noticing thatĉ 2 ,d 2 andĉd given in equation (22), satisfy the following commutation relations
These can be identified with the generators L − , L + and R of SL(2, R) algebra in the following waŷ
In terms of H, K and D [24]
and the Casimir operator is given by
Putting J 2 = r 0 (r 0 − 1), one finds
The reason for taking the positive sign before the square root in (33) arises from the conditions to be satisfied by the wavefunction of the quantum mechanical system. In this case the required conditions are the vanishing of both the lowest eigenfunction and its first derivative as x → 0 [24] . This requires r 0 > 3 4 which is possible for the choice of positive sign. Now we write the eigenvalue equation aŝ
where |n > are the eigenstates and |0 > labels the vacuum state.
From the commutation relations (27) , it follows that [24] L ± |n, r 0 >= C ± (n, r 0 )|n ± 1, r 0 >
implying that successive eigenvalues differ by unity. Using (31), one gets
so that ǫ n ≥ r 0 , ǫ n ≤ −r 0 . Here we consider ǫ n to be positive and hence ǫ n > 
where r 0 is given by (33).
Superconformal structure associated withĤ ′ S
To study the supersymmetric version of conformal quantum mechanics of section 3, we shall make use of the general construction by Witten [25] . The supersymmetric generalization ofĤ
where the grading operator B = [ψ † , ψ] = σ 3 , σ 3 being the third component of Pauli spin matrices [34] .
for B = ±1, P = 1
In (38), W (x) is the superpotential generating the conformal supersymmetric quantum mechanics and is obtained by solving a Riccati equation. For W (x) to be real g > 0 giving rise to the constraint (ν ∓1) 2 > 1 (corresponding to P = ±1) which is consistent with the condition r 0 > 3 4 (see equation (33)). The spinor operators ψ and ψ † in (39) obey the anticommutation relation
Introduction of an extra pair of spinor operators S and S † as
endows the system with a richer algebraic structure, namely the superconformal algebra [1, 27] which is given by
All other anticommutators like {Q c , Q c }, {Q c , S} vanish. Explicitly
The fermionic raising and lowering operators are defined as
which obey the anticommutator algebra
where The superconformal algebra (42) closes since [33] [B,
In terms of the superpotentials W 1 (x) and W 2 (x) corresponding to H 1 and H 2 respectively, M , M † , N and N † are written as [26] 
The superpotentials W 1 (x), associated with H 1 is given by [28] 
where u 0 (x) (taking P = −1) is
A 0 being a constant, and 1 F 1 (a, b, z) is the confluent Hypergeometric function [29] . Similarly W 2 (x) can be obtained. The case P = +1 can be treated analogously.
Reduction of the Hermitian counterpart of non-Hermitian generalized Oscillator into the conformal HamiltonianĤ ′ S
In this section our aim is to obtain the equivalent Hermitian counterpart of the Hamiltonian (1) (with generalized ladder operators) by a similarity transformation and study the associated spectrum. The reason for taking generalized ladder operators giving rise to a generalized quantum condition (2) is that it allows access to those physical systems that are underlined by a coordinate dependent mass [30] whereby one can determine the isospectrality/ nonisospectrality of the Hermitian Hamiltonian with the Hamiltonian H ′ S . The genralized ladder operatorsâ,â † are taken aŝ
where f (x) is a function to be determined later and prime denotes differentiation with respect to x. It is
. It is to be noted that both for P = +1
and −1, B(x) and f (x) should have the same parity. In this case
Substitution of (53) into (1) and removing the first derivative term of the resulting Hamiltonian with the help of a similarity transformation gives the equivalent Hermitian Hamiltonianh [21] and is given bỹ
taking ω − α − β = 1. It is important to mention here thatρ(α, β) should be well defined on R [21] so that the eigenfunctions ofh are normalizable. In fact this is consistent with the results obtained in section 6.1. There is a one to one correspondence between the energy eigenvalues ofh and H S . Also, if ψ n (x) are the wave functions of the equivalent Hermitian Hamiltonianh then the wave functions of the Hamiltonian H S are given by (ρ (α,β) ) −1 ψ n (x).
Ifâ andâ † satisfy the generalized quantum rule
then comparison of (54) with (58) gives
where k 1 = − ν 2 and for simplicity the integration constant is taken to be zero. Consequently, the Hamiltonianh given in equation (55) becomes
. For the change of variable (59) we have
A 3 where 'dot' denotes derivative with respect to z. Consequently the eigenvalue equation for the Hamiltonianh given in (60), reduces to
where P has been taken to be equal to −1. Though in the subsequent calculations we have taken P = −1, similar analysis can be made for P = 1 also. It is easily seen that equation (61) is the Schrödinger equation for the Hamiltonian H ′ S given in (21) for P = −1. Equation (61) can be transformed into the Kummer's equation [29] 
, by the transformations
Therefore the general solutions of equation (61) are given by
where φ e and φ o denote respectively even and odd parity solutions and N e , N o are normalisation constants. The eigenfunctions of the Hamiltonianh are given by
where z(x) is given by equation (59).
Breaking of Isospectrality
In what follows we shall take the odd parity solution in (64) corresponding to P = −1. Similar results can be obtained for P = 1 as well. To obtain the eigenvalues of equation (61) Hypergeometric function [29] ,
Therefore to make the eigenfunctions square integrable one must take a = −m(m = 0, 1, 2, 3 · · · ) in which case 1 F 1 (a, b, y) reduces to a polynomial. Correspondingly
Hence in this case the Hamiltonian corresponding to the eigenvalue equation (61) 
Hence from equation (64) we obtain, to the leading order (i.e. when 1 ( b 2 −a) 2 is small in (68) which corresponds to large
where z ± are the end points of the argument of the confluent hypergeometric function. Hence in this the Hamiltonian corresponding to the eigenvalue equation (61) is not isospectral to the Hamiltonian H ′ S .
Connection with coordinate dependent mass models
As mentioned earlier the Swanson Hamiltonian with generalized ladder operators enables one to connect it to those physical systems which are endowed with coordinate dependent mass by choosing A(x) = m(x)
which is a strictly positive function [22] . In this case the Hamiltonian (55) reduces to the coordinate dependent mass Hamiltonians [30] for which the corresponding Schrödinger equation reads
Example 1. Unbroken Isospectrality
Let us consider the mass function m(x) = e x . This mass function is used in studying the transport properties of semiconductors [31] . Correspondingly z(x) = 2e
x 2 which belongs to (0, ∞) as x ∈ (−∞, ∞).
This choice of mass function gives rise to the effective potential
In this case, the eigenvalues of the Hamiltonian corresponding to the effective potential (71) is given by (67) i.e. the Hamiltonian is isospectral to the Hamiltonian (21)with P = −1.
Example 2. Broken Isospectrality
In this case the mass function m(x) = sech 2 (x) which depicts the solitonic profile [32] is taken. Correspondingly z(x) = tan −1 (sinh x). Clearly z(x) → z ± (= ± 
Therefore in this case the Hamiltonian is nonisospectral to the Hamiltonian (21) with P = −1.
Conclusion
A generalized Bogoliubov transformation is used to diagonalize the non-Hermitian oscillator Hamiltonian.
Within the framework of R deformed Heisenberg algebra the diagonalized Hamiltonian is shown to possess the conformal symmetry. The supersymmetric generalization of the above Hamiltonian and the associated superpotential have been constructed. Two Hamiltonians constructed by the fermionic raising and lowering operators are found to be supersymmetric in nature and the superpotentials associated with each of these are worked out. The Hermitian counterpart of the non-Hermitian oscillator Hamiltonian has been studied by using a generalized form of the ladder operators but keeping the generalized quantum rule (2) intact. This reveals an intriguing result in the sense that in this case the resulting Hamiltonian does not always possess the spectrum of the conformal Hamiltonian. The reason for this apparent anomaly is due to the peculiarities of the transformation involved. Our findings has been explained in the physically realistic quantum mechanical models with coordinate dependent mass.
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